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Statisticai Reascning in Novices
Arnold D. Uell. Alexander Petlstsek. Clifford E. Xoneld
?" . N - and ?anela Hardiman
A o " pepartment of Psychology

University-df Nessachusetts, Amherst

Abstract

-

There is a growing body of evidence‘ indicating that people often :

overestznaue the sinilerity detween characterzstlcs of randoy samples and’

-

those of the pupu-ations from which they are drawn. ” In ti&~ first section of

the paper, we review some studzes that have attempted tc deterzine whether ‘the

+basic heuristic e:ploy;d in t\inking about random samples is passive and
descriptive or whether. it is dedurtyle fron a belief in active balancing. In

the second section, we discuss the importeuce of sample size on ;udgments

Sy

sbout the characteristics of random Samples.

N
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. Statistical Reasoning in Novices

. .

'f;We have been qcnduc;;ng‘research on intuitions about statisticallccncepts
\ferl seversl ye#rs.‘~1g large part because we believe that. ‘stati#tical
zeaséning is a very impgr;ant kind of thinking, bdut also becsuse we 'ere
respoensible for tesching & number of statistics courses. There is a great
§eal cf uncertainty associi;quith.the data underlying . most branches of

science. Enpirical data are cheracterized by measurement error, and for rany

prob;ens the evidence or infornation required xs known with varying degrees of

canfidence. The nethodclegy used almost universally for dealing wztm. th;s

uncer.aznty exploys- the xodel of probability theory together with a varzaty of

supposedly normative procedures for mak;ng pzedictzcns and dgc;sxons. An

inportant goal of & course in stat;st;cs is to prov;de the student wz.h

L‘ficzent skilis and knowledge to be able to nake reasconable 3udgments in the
face of uncertain information from various sources: e.g., experimental datea,
the research literature, and such popular sources as newspapers &and ma&gazines.

Unfortunately, the standard undergraduate statistics course aimed at

social science pajors often does not seem to provide adequate skills or

understanding. lMost undefgreduates coming ocut of such & cogrse\de‘ not
understand the basic concepts well enocugh to generalizé €6 situstions not
explicitly covered in the course and we have found that tgey frequently have
trouble even with those situat;ons that uere‘éxplicitly covered. For exanmple,
nany students do not fuliy understand even‘s;ch basic concepts as the nmean
(e.g., Pollatsek, Lira, & Well, 1981)., MNany students ‘think of the mean only
in teras of a cozputationa&l aigorithm and consequently nmake predzcgable kinds
of mistakes in attempting to solve ueighted nean problegs._ Further research

has shown that students who have had a introductory statisties course are

L &

little better than those who have not. Furthermore, students are often unable

)
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to explain exactly what can and cannot be concluded £rom the procedures

iea:ned in the course.

We believe that the na;er‘;easen the etandard undergraduate statistics

course is not &s successful as we weuld like is that generelly no explicit

effort. is sade to assess g priori and appropr;ate1y< nodify the cognitive

structures of the student. Courses that emphasize calculctions end these

that enphasize nathematxcal der;vations usuai;y ignere the issue of “basic
understsnding.“ However, even &n attespt to use an intuitive epptoach that

enphasizes understanding of basic concepts and principles can be frustrating,

since we have enly recently started to understand the intu;tzons ~and

‘S

preconcept ions ~§§at the student brings to the statistics class. Given that

the dinstructoer has f£ar aore experience with the concepts and nethods ‘of

statictics than the student, it is possibie that organ‘zzng the content in the
way that seens most logical to the instructer zay not be the best way of
encouraging underestanding by the student. In our opinion, it is neceasary to

know the preconceptions and kinds of thinking that characterize the cegnitive

structures of the students &nd what‘etructufes characterize different levels

of understanding. From such information, the instructor can plan a course
that 4&s within the grasp of students and yet serves:to achieve the desired

level of expertise.

In the present paper,  we will review sone of the work thit we and others

have done to try to understand some of the intuitions that people have about

a very importsnt concept in stetistics, namrely, random san§lihg.'

Re g;gseqtativeness vereus Acttve Balanczng

There is at present a large body of evE%énce indicating that novices

believe that randea sasples reseahle the population fron uhxch they are drawn.

“1f the sanple size is sufficicntly large, then & randon sample will, in fact,

ugr_ggpumm 25




be sianilar o ihe parent populaticen. Where the typice;'nevice'differs from

the norastive model is that, at least under certain-conditions, he or she

‘believes that snall as well as large samples have a high probability of

ioakigg like the papulétion; Tversky and Kahnenan (1$71) have dubbed this

'aiscapéepticn “The Law of Small Numbers.“ They proposeé that a heuristic

called "representativeness” underlies this =isconception. “A .person vwho
follows this belief evalustes the«prbb;bility of an unceétain event, or a
szaple, by‘the'degree to‘which it is: (1) similar in e§sential‘prcperties te
its pérgnt population; ahd (2) reflects the salieqé £eatﬁres of the process by
whiéh it i§ genersted.” (Kéhnenan & Tversﬁy. 1972; p.431).. |
. One source of évidence for this misconcepticn has conme £r?m investigsaticn
ef what is generally known as the “"gambler’s £ailacy.“ A simple example of
F&e garbler’s fallscy is the he}ief thaﬁlif g‘faifycoin has come up heads a
Eérge nunber of times in a row,; then there is an increased chance that it will
cone up heads on the next toss. The gambler’s fallacy can be desc:ibed as the
belief ﬁh;E in random sampling, the data that have already been semgled will
influence the data that arelxet to be sampleﬁ. This, of‘ course, violates
independence, _whéch is & fundemental property of true randeor sanpling. | In
real-life coin tessing, sheking the coin well bgtween tosses would guarantee
sone res;cnable approximation to indepéndence. |
The prototypicsl problenm used by Tvefsky and Kahnenman (1971) to explore
the ganbler’s fallacy was as follows:
The mean IQ of the population of eighth graders in & city
48 Kknown toc be 100. You have selected & random ssaple of
SO children for & study of educational achievenents. The
first child tested has an IQ of 150, What do you expect
the nean IQ to be for the whole sample? '

If the saapling were random, then the best guess for the mean score of the

next 48 children sampled is 100. Therefore the best guess for the mean of the

e e e -8 = __ ..‘.__,'_.v e e __‘_‘ e




entire sanpler of SO children is 101, the weighted mean of 150‘ and 109.
' However, the typical #nsue; given to this problem is 1C0. Answering “100" is
consistent with the gandler’s fsllacy because it seems to gpply that the score
of the first child chosen influences “he mean of the scores of the next 49,
Kehnesan and Tversky (1972) and Bar-Hillel (1980} have erployed a seccn§
paradign to demqnstrate the h%pristic of rep?eseﬁtativeness; Sub;ects. were
shown two sanples and Asked‘to judge which was nore likely to ha#e cccurred.
In their Eriginal work, Keahnoman and Tversky §1972} deslt with with esgnts
rodelled by Efrnaulli trialsQ They €found, for exanmple, that subjects thought
that for a sequeice of six births, the exact order G B G B G B is more iikely
than the order 8B GBRBEB, presupably because the the sequence wi;h. £ive
~-boys and one girl fails to refléct the the proportion of boys and girls in the-
population. Subjects also thought that ‘& sequence like E B B G G G waah léés
probable thaé‘a sequence like G B B G'B G, - presunably be:éuse it seems less
random. Bar-Hillel (1580) has egtended this research to deﬁermine which
ch§racteristic$' of -samples ‘subgects sre attending to when they judge ‘the

@ : .
v  occurrence of one sasple to be more or less probable than that of another.

She_£found that Sub;ects think that & sample sheuld have not only the samre nrean

i

as the population, but alsc the same degree of varisbilityg
The evidence thus is compelling that subjects believe sgmples {even small
sanples) should look like the population and that random samples should look
random. Cther wgrk that we will no£ discuss here (Nisbeﬁt & Ross, 1880
:» , indicates that subjects are insensitive to sampie bias. in the work described
in this section, oﬁr interest was in determining whether the novice’s theory
of random samples follows divectly fror the heuristic of‘representativeness or

whether is is deducible dIror some nore basic mechanistic belief. This

distinction will become cleerer if we digress for a morent and speculate how




an expert thinks abaut saspl;ng. )
Presunsbly, the expert’ £undanental conception of randcn sampling is in

ternrs of a process model. Perheps the most yide;g‘useq model of randon

sampling (with replacement) is to view sarpling ‘as iso;arphi; te the process

< :
of drawins a labeled ball or slip cf paper f:on an urn or box, re;prding the

cutcone, replacing xt, shaking well, and then drawing agsin. From this nodel,

-
‘A

the idealxzatinn of which can be characterxzed hy algebraic expresszcns, 3

certsin conclusions follow.. ‘These include "T\e Law of Large Nunbers* which

says (roughly?l that' if a vrendor sample s large enough, the relat;ve :

frequencies of outcomes in the sample have & very high probability of being &
close ap#rsximatzon to those xn the populaticn.
o ]
xhe tendency for nov;ces to beizeve that even srall samples a:e quite

e SLT e

reprefentat;ve couid plausibly follow from gither of two basic heuristic

The €£irst possibility is that the basic heuristic is rgpresentatzveness. in’

other words,  that ;he vay novices think sbout random sanples is  prirarily
gescriptive: randox sanples look sgprcximately'like the population and,
further, random sequences cf evénts locck “randoa.” ‘Houever, there is & second

-

possibility. Sub;ects could have an erroneous precess model of sampling fram

which it followed that even saall“sanﬁles vere highly representative of the’

L4

parent populstion. A model that has been susgested in & nunber of statistics
texts fg.g. Freedzan et. al., 1978, Cﬁapter 1&;: Hays, 181, Chapter‘l) is

“active balancing”™ or "coapensation," an active prccess that guarantees that

things wili “even out” in the lopg (and not so long) run. In the coin-tossing .

v

exanple, the halancxng model would suggest that follnwxng , for example, & Tun
of tails, the next toss is very likely to come up heads.

It is difiicuzt.ﬁo separate out these two views of sanpling, since the
heuristic . of active bslancing could be  deuucible from that of

representativeness. If, in the coin example, subjects believe that samples
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'should look Lsce the population of eutcanes ef tosses (which for & fair c¢oin’

-

ueuld be ideaiized as’ helf heads and half taiis). sanplea that are close te

e o et e .

haif heads and half tails will be nnst_zepreseﬁtat$ve. If one haﬁ alreadg

_ohsnrved nine heads and is predicting the outcoxme of the next toss, then since

a sauple of nine heads and one tsil ss pore represen;at;ve of the population
than & saaple of_ten heads. the outcome of "talil” on the tenth tg}al would be
cansideied to be more probable. | . | ‘

On wha; basis can one determine'wheiherf the descriptive or active :
balancing heuristic isv;he sore basic? In the IQ “exeaple nentioned earlier.

both Neuristics would predict an answer of 100. However. situations exist in

which the descriptive and.agtive balancing heuristics might legd to diffezent

f predictions. 'If we asked subjects to predict the nean score of the last 49

students 4in the sample,,-ue night expect those who thought that &ll samples

®should look like the population to give'an answer of 100, but those who

thought in terms of an ectivé balancing heuristic to give an ‘answer snaller

than 100 (sc that the entire sanple of S0 scores could everage 100). We

therefere atteapted tetextend the Kahngnnn;aaé—?vﬁf5ky findings.by employing -
\ .
additional follew-up questions about the mean of the sanp&e excluding the

1]

known score. In addition we were concerned that the interpretat;en ¢f the

, Tesuits of Lhe I8 prqblem nay have been ccnpl;cated by the possiblility that

subgifts- were sinply not being very precise with’.nuabers. For example,
sgbgects nay simply have thought of 101 as being “approximateiy 100, _ggd

therefore g;ven the answer 100 even thcugh they knew the wean would be
slightly h:eher. Ve _therefcre nade sure that in the problens we used, the

difference between the correct answer and the population sean would be more

Iy

salient. We also did not depend exciusively cn questionnaire dats but also
. - S !
condicted interviews with sonré subjects in which they were instrugted to think

-
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~sloud .uhzlq gencrdtiag their snswers so that u§ cc#ld,ﬁe:ter ‘understand the
:;Quriétics ;§99¢w;£e esploying. . o . | ﬂ . o - - ,
‘ In the first study, wé emﬁlcged\severél prcplé;s tﬁa: uer;_sisilar in |
forx to the IO prosiég sentienEdggarlie:. 'One prebiem deslt with satf scores - _ | j
ené resd asfolloZS: . B ; i | ] . L
The average SAT séore for ali‘the'high school students in C .

a large school district is known to be 408. VYou hewe

. randonly picked 10 students for & study in educstionsl . : o

o achievesent. ' The first student you picked had en SAT B
of 250. What do you expect the sverage SAT to bde for the | T
entire sasple of 107 | Lo

.What do you expect the average SAT to be for the next 9
students, not including the 2307
P

_ (The correct ancwer to the Zirst question is 385, to the
second, 400.) ‘
- - : . .
Problens were administered in questionnaire fora to 205 students in four
\

undergreaduate psychology statistics classes. In addition, inte:viewg were

conducted with 21 subjects who were seiected from & pool of student volunteers

- and received bonus credit for their participation. : -

-

The dSta are diaélayed in Table 1. For the interviewed subjects, the

3 data presented are based on answers given before any interviewer intervention.

. .
The answer predicted by representstiveness, narely that the mesns of both

sanples are equal'to the popuiaticn mean; was ¢the modsl response. It was
given by 33% of the subjects answering.the questionnaire%wand by 48% of the
- | sub;ects in the interviews. Twentg—one percent gave }hé correct solution and ¢
only 13% gave answers consistent with the balancing Sguristic;

A

G EMGE PR TGRSR EEERg S W - e e

o LN
K - Insert Table 1 about here.
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In additicn, 37% of the questionnairé-subjec:s and 13% cf the interview

subjects gave answers -that were not consistent with the correct solution,
. ’ o .

Pl
B ‘
H

€
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representativan&sa. & baianetng. The £act.tha= tbese “dav&ant“ ansvers. wera“

- -, N
acce likely te be feund in the questionnaire data auggeats that «at :ehst sone

of them oceu:rue 1s & result ef not zeaeing the questacn carefully enaugh, ‘

-

thus =isunderstanding it on & trivial 1eve1. Kauever. ogé ﬁaqseri?;%abexed )

¢ ) \

“?:end" in Table 1}.deserves sonme cozsment, because it also cccurre& ;n the '

. :

interviews and \agyan uncderlying éatianale. Subjects gzving thzs pattern

f

thought (correctly’) that the rean of the semple of ten uculd be lcwer~ than

400. -+ In addition, the twa reans they gave were cons;stent in_thét the mean

of ¢ten coulé'be"the average of the first observation and the average of the
next nine obgervations. lHowever, their prediction for the average of the mnext

nine obseyvations was also less than 400, Conxents fron the sub;ect§ in the
- e . . ._;i.

-intorviews who showed this patterd indicated that the divérgent ‘firét score

led thea to doubt thaf the pépulatian xean was actually 400 as stated in  the

prebler.’ \ .
In sumna:y, these results repiicate those of Kshnenan and sversky ¢1q72)
in that the mcdal estinate of the nrean oi the sanple of ten was Lhe population

rean. Yore iaportantly, '7i% of the SS queﬂtionnai:e sub;ecté‘and 7i1% of the

| 21 interview subjects who gave .he popu‘aticn xean fcr tﬁe nean cf the Banmple

of ten alss gave the population mean as their dest eatinate of the nean of the

nine uflknown scores., . The percéntage for each group was‘significantly'greater
than SO%, }f%1)=26.5. pilgg}:\\and ){%1>fs.&s. p¢.05, respectively. This
pattern ;s inconsistent with & balancing heuristic e&nd indicated that igese
subjects thought“that both the semple of .ten ;cc:es and :pe ssnple of nine
should be representative. lMoreover, rEPresentativenass'co&id e#en ‘be the

fundasental heuristic for sub;egts'uhe we clacsified es ‘“balancers." - One

could claim that t?ég:ff;ubgects"taok the sanple of  ten "ag&¢ fundamental,

believing that it shcu;& be‘representative, and then decided that the estinate

they gave for the sarple of‘nine shouzd 5} :cnsistent with their £irst answer.

mreoﬁuwum,a 11
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On the other hand, it is possiblie that subjects whe gigéﬁanswers consistent

Pith the bslancing ‘heuristic ‘think sbout the problem iq & f€undamentally |

éifferént.way. . ‘ | T ) ;r
. . ]

" We had hoped that detsiled analyses of the interview ‘viégétapes fwau;é~
: . ¢ N ; . .

provide further insights intd subjects’ heuristics. Unfortunstely, we had

audio difficulties with the recording equipnent that sade evaluation of the

« . b

ﬂinte:views extrenely difficult. = We therefore -conducheé a new set of

interviews using a relatively stenda;dized.ggt of probe questions dased on an

analysis of the nost inforrative probes used in the first study. The focus of

-

--thege Sore standardized inte:vigws was to confront subjects ‘with solutions

.. . A
different {rom their own. We beljeved that the interview format would allow

us to evaluste the sirength of subjects’ confidence in their snswers. If they

aaintained their golution after ﬁhins shown ressonable alternstives, one could: 

conclude that their original answer was not frivolous. In addition, since

subjects were given only the nyrerical answers for the alternative solutions

‘

and were asked what they thought the raticnale was for these salu;iofs. their
understanding of the problex could be assessed noge cospletely.

Interviews, were conducted on 26 student volunteers'vhe were recruited

A ]

o .
fron. undergraduate . psychology coursce. £ wvaristion on the SAT problea
. .. £
pentioned earlier was given to each subject. For half the ‘subjects, the

problem wes exactly the same as the ohe given previously, and for the other

+

‘half, the probles was the same except tiet first student senpled was said te

-
A ]

have an SAT score of 550 instead of 250, so that the correct an{ber for the

estinate of the mean of the ééapie of ten scores was now €1S.

. —\j L .
The subject read the first part of the probles shich asked for the best

sestinate yaf the nean of the sample of ten scofes &and answercee it, being

-

encouraged  to think out loud as much as possible. ¢ After the subject gave an
; C "
BEST COPY AVAILABLE 5
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answer, the.§ntervie;ef askec for the subject’s best estimate of the mean of
the nine unknown scores. Until the second enswer wasfgiven, the interviever
did. not intervene except to clorify parts of the prcblem upon request, to
correct the subject if he or she nisréad the question, and to encourage the
subject ta think out loud. The eubgect‘s answers (assuming the first scere
was 250) wvere classified by the interviewer as (1) dencnstrating ~he correct
rationale (if the answers 1o the questions were vere less than 400 and 400,
© , _ .
respectivelyl; }<2) genonstrating representativeness €i< both answera were
.400‘- or (3) cdenonstrating belsnciqg (if the answers were EQQ and greater than
400). - - ' - " N -

The interviewer then told the subject thatithe problen had’bg§n given to

nany other students and thai he was-going to present some of ' their 'gnsweis.

The subject was then presented with ené of.the iwo‘patterns of answers that he

or she had qct given and asked to ;onnent on it. | For example, if the

subject’s answers hhad been been cilassified ‘as . "representative,” thé'

interviewer =ight Fhen.say that somre ﬁeople had given é psttern of responées

in which the hest estimate of the nean of the sample;of ten scores was less

" than 400 and the est{naté.of the mean of the nine unknown scores Wwas 400
({i.e., the correct solutiony. The sub;eét was ssked if he or she could figuwe
out the possible rationale for such answers and then wh;t he or she'thought of
ghzs .approach. In the next part of the inte:View the subject would -be
presented with nume?icai answers consistent with the balancing solution and
the sane series of questiéns would ensue. Followin§ this, the subject would
be asked explicitly what he or she thought the best answer§ were. {The
suggestion that subjects aight want to recongide& tﬁeig answers is, of course,
implicit in presenting altergative answerg.) The order of presentation of the
alternative patterns of answers 'were appfég;;aggly,fcounterﬁalanced over

-

subjects.. The correct answer was never identified e&s such.

" BESTCOPYAVALABLE | i



The resuits were very similar to those of the first study (see Table 2.
Before subjects were presented with the alternative salqticns, the nmodal

response was again representative (36%), while 20% chose the ceorrect selution

b

and only 12% responded with & pattern consistent with the balancing heuristic.

FY YT YTl Y e X X B N R XN K R

. Insert Table 2 ahouﬁ here

-

The nmost striking aspect of the data is that the pattern of results at
the end of the interview after alternative soluticns had been presented,
differed very little from those obtained before interviewer intervention. Bf

the 23 subjects of interest (one subject terminated the interview prepaturely

and the initial answers of two othegé were .not classifiable), eonly four

‘changed thoir answers as a result of considering the slternative sclutions.

We can conclude that the representative answer is not rerely & hasty response .
to the problem, since when presented with the correc? and the balancing
solutions, 12 §£ the 14 subjects maintained their representative answer.

. ‘Althiough we do not have the space to go inte ény détail about the
verbaslizstions of the subjects, we will sumsarize a few pcints. In giving
their own initial answers, only two subjects gave what could be construed as &
balancing rsationale, sayihg that tHere were ususlly as nrany scores above the
rean &s below and that there should be a higher score to "compensate®” for a
lower one. Also af‘interest was the possiblility that subjects may not have
considered the implications of sanpling from & large :population andé nay
consequently have been concerned about s§mpling without replacesent. Howevef,
only four subjects indicated thst they had consid;:ed impilications of the fact

that sanmpling was done without replacement and in only ore case did this seen

to lead to an eventual balencing solutioen. &11 but one of the
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re§re§enta:ivenes& sub;ects, when asked'shether both seans should be 400 if we
'ue:e desling with actual s&ores. clearily undersﬁécd t&ey could nof; but
indicsted it was reasonable in this case since gheAperleQ asked for the means
of two nxggggggggé; samples. Many subjects were u#confortable abdut givin§ a
point estinate, indiégting that the wvariability and uncertainty inherent in
saapling was very nuch on their minds. The point herg is nét that it'iﬁ xa

risconception to be aware of the variability associated with the ssmple ' mean,

- but that while for experts a point estimate and the varisbility associated

with the estinmate are separabie concepts, novices_have difficulty meking this
differentiation. ?inaily, we can conclude from the interview protocols that
subjects understhd the alternstive solutions presented {o thex feaéonably
well, and were usually capable of indicating‘the ratiocnales that wouléAlead to
the¢ patterns of answers. o

in sumnpnary, the data indicate that for .most subjects the belief thas the
population =mean 4is the besﬁ estinate for both saaple aeans is deeply ';eld.
They continue to to believe that answer even after being pfesented with
alternative sclutions, and in spite of the fact that the§ show reasonably good
understanding of the raticnales 'underlying thesé 'sg;uticns. ‘Moreover,
detailed analyses of the interview protocols revealed little evidence of
balancing imagery. The data further suggest that subjects consider the
representetiveness answer to be ressonable because they regard estinates sbout
the means of random sanmples differently than those &bout the means of sanmples

consisting of known scores, and frequently feel quite uneasy about estirating

the mean of a randomr sasmple.

Insengjtivity ¢to Sample Sige

Kahnesan and Tversky (1S72) showed that people can.be-quite insensitive

to the role of sample size in deteriining the extent to which properties of
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randon  samplas are similar to those of the parent pepulation. Ins typical
denonstracion of this insensitivity, they presented novices with the following

problea:

A certain town is served by two heospitals. In the larger
hospital about 43 babies are born each day, and in the.
smaller Dhospital about 13 babies are born es day. As
you know, about SO percent of all badies are bhoys.
" . However, the exact percentage varies froa day to day.
- Soaetimes it xight be higher than S0 - percent, sonetines
dower.
™. For a periad of 1 year, each hospital recarded the
days.on which aore than 60 percent of the babies born were
boys. , Which hospital do you think had sore such days?
: : The larger hospital
The snaller hospital '
“About the sase (that is, within 5 percent of one
another)

Most subjects thopght that the two hospitals would have about an equal
numhery of days qit? 60% =male bifths._ and abeét as many thought the larger
hospital would havé nore such days as thought the saaller hospital would.
{The correct answer, of course, is the saalleﬁ spital.)

Kahneman and Tversky alsc conducted a series of'stuéies in which they had
subjects prodﬁce subjective sampling distributions for three sample sizes.
Fér exanple, ﬁhey teld different groups cf.sub;ects'that ‘approximately N
(where N could be 10, 100, gr\lOOQ) bables are born each day in a certeain
region.

For N=1000, the question read:
On what percentage of days will the r .aber of boys among
the 1000 babies be as follows:

Up to SO boys

SO0 teo 150 boys
150 to 250 beys

sSe e 0RO ROROPRSLE

850 to S50 boys ( .
ore than S50 pboys
Note that the categories include ai* possibilities, so
your &nswers should add up to sbout 100% -

For N=100, the 1l categories were as follows: Up to S, 5-15, 15-25, etec.
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- For S"iO. the ca eger;es were O. i, 2, etc.
Althsugh the cor:ect plot of percentage of days versus cstegory wauld

drcp off from its peak value auch more rapidly with increasiﬁg saaple size,

N senple sicze had no effgct‘whataver en tae subjective sampling distributions.

In other words, the distributions given by the subjects were about the same

when N was egual to 10, 100, or 1000.

Kahneman and . Tversky (1972} acccunted for" this 1nsensitiv;ty to sample '

size by hypothesizzng that subjects Judged the probability of a sanple by its‘

representativeness, thst is, by the extent. to whxch the sanple is similar, in

" its essential chara;teristics to the parent population. As about 50% of the

population of newbc‘ns are rale, a” strict application cf the
representativeness heuristic would suggest that the prohability of a sasple

depends on the sinilarity of the proportion of msles in that sansple to S0%.

Since saaple size is pot a_characte:istic of ‘the population, Dby this account a

it_wculd not influence the judgment of probability. ° They concluded ths;;“the‘

notion that sanpling variaﬁce decreases in proportion to sampla size 1is
appsrently not p;rt o£ ran’s repertoire of intuitions” (p.. 44)?} They furt@er
inplied %hat the lack of this intuition could explaiﬁ other nmisconceptions
about ssaple size, e.g., "...people often renmsin skeptical in the face eof
solid evidence from a large saaple, as in the ca#é ;of the weil-knogn
oolitician who compliained bittérly that the =ost-e£fliving.index is not based
on the whcle_population. but only on & large sample, and added, ‘worse yet--a
IandoR sampie.‘“ {(p. 44) | )

On  the other hand,. it seems hard to believe thgt'peaple‘ are totslly

incensitive to sanple size. We have found students %e be nuch nore

confortable with results wnen they are obtained from lerger ssmples. In fact,

they scer to distrust any result obteined from & small sample.

Bar-¥illel (1973, 19890, 19825 was able te find a number of situations in
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whigh subjects judged larger'samplgs to be more ;epresentétigg than smallér
ones, ?or.exanple..she found tﬁat 80% of her éﬁS;ecté'chage ;he larger sample
when she'asked thenr whigh of two sets of estimates of the percentage of vcter§
who ;ntended to vote yés on 8 certain referendus they ;;d nost confidence 'in;
those of Firm A who surveyed a sarple of <4C0 iqdividgais or~these of Firn B
who surveyed a sample of 1000 individuals. |

zo:g interestingly, sbe'fognd th;t it is not sampie size per se that has
an effect on confidence, but rather ﬁelative siﬁelor the ratio of thé‘siéé of
tge ganple to the siée of the population. wheﬁlseveral ssmpi?s are drawn frgﬁ

the sape population, absciu;é-and relative sample size are liyearly reélated.

t

- However, when population‘size as well as sample size is varied, +he effects of
| absolute and relative sanple size can be discriminated. Sar-Hillel (1879

used problems of the following type: S e .

\

Two pollsters are conducting surveys to estimate the
population of QQters in~their respective cities who intend
to vote yes on a certain referendun.

Fira A operates in a city of 1 million voters.

Firm B operstes in & city of 50,000 voters.

Both firms are saxpling oche out of 1,000 voters.
Whose estimate would you be more confident in accepting?

-~

She foung that although Firm & has & sarple of 1000 and Firm B has &

sanple of only SO, the percentage of sub;ecta;wha expressed rore confidence in
the larger sample was‘only S0%, comrpared to 29% who showed equal confidence in
both sanples. When ancther group of subjects weré told not that both firms
saaplad 1 in every 1000 pecple, but.rathef that both girms sanpled 1000
people, 62% expressed more confidence in the sanple that case from the sraller

city. This strongly suggests that subjects were considering the ratio of

sarple size to population size rather than absnlute sanrple size. In fact.'

when the population is moderately large with respect to the 'sample, it is

airost exclusively the abeolute rather than the relative sarple size that

mfmmm s .18 -
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deteraines sanpling variability.

It is pfébabiy this predispositionnto respond to the ratic of the size of

K

the sample to that of the population that can explain sope of the skepticism

of our aforementioned politician, &s well as that with which lay sudiences

seem to treat the results of ?:e-electicn polls.based on sanple sizes of | :

éeveral thousan'’
In recognition of the fact Lhat under.sone conditiens saaple size is not
ignored Dby novices, Bar-Hillel (1982) introduced the motion of & secondary

sense of representativeness which referred to the procedures by which a sample

. was selected’ rather than to the subsequent characteristics of the sazple.

A sanple would be more reprcsentative, in this secondary sense, ' if it was

large. She <found that subjects vere more sensitive to saaple size in the

-

hoépitel prodblem if.theyﬂwefe asked ahout & sample of 80% or 100% naléﬁbzrths

rather than 60% and suggested that the use of. représengativeness"in the'

sccondary sense might be triggered by sufficiently discrepant samples.

‘Although Bar-Hillel’s distincticn is logicel enough, it cioes not allow

us to predict the cénditions urnder which people are sengitiée,to sample size. .

What seems to be required at this peint, before we can profitably speculate
Zurther about different intuitions and heuristics, is clarification of those
conditions.
We have attempted to investigate tnis issue using a veariety of problems
such as the following:
When they turn 18, Anefican males must register at a
- ~local post office. In addition to other information, the
" height of each male is obtained. The national average
height of 18-year-old =males is 5 feet, $ inches.
Evory day for one year, 23 men registefed at post
office A and 10N men registered st post office B. &t the
end of each day, a clerk at each post office computed and

recorded the average height of the =men who registered
there that day.

_iliﬁﬁrjzcnﬂyjsyzul‘ul"i_'1&~ ",1:3
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-..Version Ti

-

Which would you-expect to be true?

Version A: . - . - :
(1) The averaqge height at post office A was closer to the
‘national average than was the average Dheight at post
cffice B. o -
(2 The average height at post office B wss closer to the
national average than wasg the average height at post
office A. . A L.
(3) There is no reason to expect that the average height
was closer to the nationsl average at one post office than
the other. . R

Version Ci ‘
(1) ' The nuaber of days on which the average height was
petween S feet, 6 inches. and 6 fect was greater £or post
office A than for post office B.

(2) The nuaber of days on whzch the average height was.
between S feet, 6 inches and 6 feet was greater for post
office B than for post office A. : '

(3) There is no reason to expect'that the nuaber of days
on which the average height was between 5 feet, © inches
and 6 feet was grester for-one post effice than the other.

. S

.(1>" The number of days on which the average height was 6
"feet or more wes greater for post office & than for. post
office B.

(23 The number of days on which the average height was 6
feet or more was greate: for post office B than for post
Off ice A . ‘ ' ° .

(3) There is no reason to think that the nusber of ‘days
in which the average height was & feet Or more was greater
- for cne post office than the other.

The .dsta {ron & sample of undergraduates who had not yet teken &

statiztics course are displayed in Table 3. For Version &, perfornance was

reasonably good. Fifty-six percent of the subjects thought that. the average

Hexght recorded at the larger post cff;ce would be closer to the national

aversge and only 4% selected the snaller post office. When in Version C they
were asked, in effect,_ whather there would be more days in which the average

height'recofded was within 3 inches of the national ave:age'at one post office
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or the other, performance was Similar. Fifty-nine percent chose the larger

post office and none chose the smaller one. However, when they vere asked

which post office would record more days with an average over 6 feet (3 inches

mora than the naticnal average}. the percentage of ccréeet ’responses waSs

sxgnificantly lower than fcr Version &; )(<13=13 6. p<.001; or Version C;

.)((1}=13.8. p<¢.00L. Onxy sbout 82 of suh;ects correcily pxcked the smsller

b

post office as being rcre likely to have a discrepant average, while 23%.

picked the larger post office.

Insert Table 3 about here.

pappppepmnpepegeger S P F UL L T L L L Rtk ekl

The fact that perfornance was so much pcorer far Version T than Version C

is striking. In the latter, ~suh3ects are asked about the centrsl portion of .

the sampling distribution, and in the forrer, they;ara asked sbout the taii of
the distribution., One might logically think the knoﬁledge that the average"

height recorded is nare ixkely to be near the national average for the larger

saaple would translate into the knowledge that the aversge recorded is less
likely ¢to be.near the nstional average fcr the smaller sample -- but quite
clezrly, this-is not the case. | - |
Although we do natnfully undefstand the reasoning of our subjects, these
resuits. and those obtalned from interviews with subjects attempting to deal

with’ pzcbleas like the ones descrzbed above, have led us to belzeve that nost

novicges dq\fflieve that Iarger sanples are better than snaller ones and uill ’

correctly anébe{\?roblegs that directly ask which of the sanples is Jbetter”
or csn be eassily tfa slated into t\ose teras. In situations in which absolute
and relatzve sanple . sr:g\ can be diet:nguzshed. sub;ects will be nore

inflqenced_by the latter. Hoa& subjects wikl nct. heugver. be able to make

.z_‘. the! . inferential fsgep‘ necessar;\to conclude that of two equally discrepant

,,,,,




aanples. the. large: is less likely than the smaller. Ve believe that for tone

>

subjects, wrong answers foliow £ron certain nisccncept;ens they have about

discrepant sanples, for exanple. that a large sanple is sore likely to contain

2

an extreme score and hemce have a discrepant rean. This would explain why

sub;ects perfcra sc nuch better xn the hospital prohlen when the dis :repant

sanple is said to censist of 100x boys rathe: then 604. However, we feel that

auch of the dxfficulty is encountered when sub;ects have to deal iuplicitly

with the notxon of the saapling dzstributicn in arder to answei the prablen.'

In the post office prchlea, £pr exanple, it is very easy for sub;ects te

" confuse the appropriate sampling distribution, nasely, the distribution of the

statistic ‘sverage height recorded on & day” with the gisg:ibutign of heights

recorded on a day, which is really a very different concept.

guncludgng Conments

The results discussed in the preceding sect;ons have sore pedagogx:al

znplicatians. Nany textbocks in statistics that discuss the lLew of Large

Nusbers atteapt to dzspel students’ belief in the gexhle: s fallacy. However,

they assume that the basic aisconception students have is active balancing.

and they oppose this nechanisn with the notion of “swamping™ in which the

large amount of subsequent data overwhelns the impact of an initial discrepant
score on the =mean (e.g., Hays, 1581). Our own attempts to teach ‘this
éonceptﬁaiizstien have not been very successful. Our research suggests that

such an appreach is likefy tc be unfiuitful becsuse the probles is not that

.students think in terns of an idccrrectvprocess nechanisn but that they do not

think of randon sampling in terns of any prccess lodel. To refute active

balancing is to refu:e a belief that sost students da not have and this =may

con&use them. Since tﬁe nost conxon heur;st;c. represeqtatzveness. is 80
i ot

different in form from the approprzate process nodel. it will not be easy to

‘-
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set up an appropriste confrontation between the two systems to effect & R

lssting change in students’ beliefs about randoa saxples unless increased . §

~ ezphasis is placed bn znstzllxng 8 p:ocess view of sarpling. N ‘ﬁ

Also, gzven the woxk done on sensitivity to saaple size, it is

:ncreaszngly clear that that basic concepts and pr;nc:ples sust be xllustra:ed

with, a variety of nxamples if students are ta be able to gene:alize them

>

Yy

appropriately. The :esults presented -above show that suh;ects can unde:stand

a bssic principle a2t one level (i.e.,‘, that larger saaples are nore

-.representative than snaller ones?, but fail to sske Jndgmeﬁts that secen tc
follow dzrectly fron zt. Ccnfranting stucdents with their answers to prableni}>,
live the ones we have discussed also seems to have the pohent;sl fcé maszng

e ‘them think—— =ore -appropriately rangg,'sgap}igg 'distrihutzons and the . _“ff:i

implications of sanple size for ganpling varisbility.
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Solutieon Type - Label Questionnaires ':nteréieus
¥ean of - Yean:-of . C , .
10 scores '8 scoraes - '

*

Lese than 400 - 4CC -Cor:ectm56£uéipﬁf_“*_4éi21%). . </'sc19x)
400 ., . 400  Representative 68¢33%) . 15¢48%)
400 : 400+ Balancing - - 25(12%) B YEY-10

400--2 400-  Trend ‘ 18(9%) 2¢6%)

Unclassified C S0(24%) .. - 2¢6%)

/

Totals ' ) 205 31

8For the trend sgiution, aesn of 10 scores ¢ aean of S scores < 4C0.
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('Table 3 S S

Freguency of Solgticn Types Sanple Size Stud ' ‘ | ' o ‘g}

Version
of gproblem

Solution Type'

’ Cerrect Raverse Saze

- ' ) o . ,

q2es65—" . 34x  30¢40W
! - 23(59) . -0 16(41%)

3¢8.3%) - 8(25%) '24(66.7%)
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